We consider the following interference model for wireless sensor and ad hoc networks: the receiver interference of a node is the number of transmission ranges it lies in. We model transmission ranges as disks. For this case we show that choosing transmission radii which minimize the maximum interference while maintaining a connected symmetric communication graph is NP-complete.
Introduction
Limiting the interference between nodes in a sensor network is substantial for the energy-efficiency of the network. A common approach to reduce interference is topology control, i.e., restricting the communication graph (see [2, 4] ). A theoretical problem in topology control which has been stated as essential to understanding sensor networks is the following.
Problem 1 (Locher, von Rickenbach, Wattenhofer [5] ). Given n nodes in the plane. Connect the nodes by a spanning tree. For each node v we construct a disk centering at v with radius equal to the distance to v's furthest neighbor in the spanning tree. The interference of a node v is then defined as the number of disks that include node v (not counting the disk of v itself ). Find a spanning tree that minimizes the maximum interference.
The choice of the radii as given in the problem statement guarantees that the symmetric communication graph contains a spanning tree, i.e., that the symmetric communication graph is connected. The symmetric communication graph is the undirected graph on the nodes with edges between nodes which both lie in each others transmission ranges, i.e., in each others circles. We refer to the radii of the circles as transmission radii.
We prove that Problem 1 is NP-hard. So far no lower bounds for the problem were known. Halldórsson and Tokuyama [3] give an algorithm which yields a maximum interference in O( √ n). An open problem that remains is to narrow the gap between this upper bound and our lower bound. For the case of points on a line there is a 4 √ n-approximation algorithm [7] . In a generalized version of the problem there is a positive real value associated with each (ordered) pair of nodes, and the first node can send a message to the second node (but will also interfere with it) if its transmission power is above this value. In this version an approximation within less than a logarithmic factor in polynomial time is not possible unless NP has slightly superpolynomial time algorithms [1] .
NP-Completeness
In this section we prove that deciding whether the maximum interference of a network is at most 3 is NP-complete. Strictly speaking, this implies that the interference in Problem 1 cannot be approximated within a factor less than 4/3 efficiently, since it is not possible to distinguish between interference 3 and 4 in polynomial time unless P = N P . We prove the NP-hardness by a polynomial reduction from the problem of finding a Hamilton path in a grid graph of maximum degree 3. A (vertexinduced) grid graph is a graph for which the vertex set is a finite subset of the two-dimensional integer grid Z × Z and there is an edge between two vertices x, y exactly if x, y are neighbors on the grid, i.e., x − y = 1. We identify the corresponding edge with the line segment from x to y. A Hamilton path in a graph is a path in the graph with every vertex lying exactly once on the path. Deciding whether a Hamilton path in a grid graph with maximum degree 3 exists is NP-hard [6] .
For the reduction we need for any grid graph of maximum degree 3 a polynomial construction of a set of nodes such that there is a Hamilton path in the grid graph exactly if there is a spanning tree with maximum interference at most 3. We may assume that the grid graph has no isolated vertex because in that case there is no Hamilton path and we can check this in linear time.
A vertex x ∈ Z × Z of the grid graph is represented by a set of nodes (which we call a vertex gadget) containing the following nodes:
• a center node: a node at position x,
• satellite nodes: three further nodes at three disjoint positions from the set {x ± (0, 1/4), x ± (1/4, 0)}. The satellites are chosen such that the vertex gadget has a satellite node on every edge at x of the grid graph. If the degree of x is less than 3, the remaining satellites can be chosen arbitrarily.
Two satellites (from different vertex gadgets) on the same edge of the grid graph are called partners. Figure 2 shows a grid graph of maximum degree 3 and a corresponding node set.
For the NP-hardness we need to prove that the grid graph has a Hamilton path exactly if the corresponding node set has a spanning tree with interference at most 3. We get one of the implications by constructing such a tree from a Hamilton path. Proof. Given a grid graph with Hamilton path we can construct a spanning tree with interference 3 in the following way: For an arbitrary Hamilton path
• connect each center node to its satellites,
• connect satellite partners if they lie on an edge of the Hamilton cycle.
Center nodes and satellite nodes without a partner have transmission radius 1/4, while satellites with partners have transmission radius 1/2.
This yields the following interferences: A center node is in the transmission range of its satellites. It is not in the transmission range of any other node since it has distance at least 3/4 to any other node. Thus the interference at a center node is 3.
A satellite is in the transmission range of the center node. It is in the transmission range of any (other) satellite in its vertex gadget that connects to a partner. If it connects to its partner, it is in the transmission range of the partner. There can be no further interference at a satellite since all other nodes have distance at least 3/4 to the satellite.
In a (Hamilton) path every vertex of the grid graph is connected to at most two other vertices. Therefore in a vertex gadget at most two satellites connect to their partners. This yields an interference of at most 3 at satellites.
Next we show that if the interference induced by a spanning is at most 3 then in the spanning tree vertex gadgets may only connect through partners.
Lemma 2. Assume a grid graph has no isolated vertices. If a spanning tree on the corresponding set of nodes has an edge between two different vertex gadgets other than an edge between partners then there is a node with interference at least 4.
Proof. Suppose a satellite connects to a node which is further away than its partner. In this case it contains at least one center node outside of its vertex gadget in its transmission range. Since this center node will also lie in the transmission ranges of its satellites, it will have interference at least 4.
Lemma 3. If the node set corresponding to a grid graph without isolated vertices has a spanning tree with interference at most 3 then the grid graph has a Hamilton path.
Proof. Suppose we have a spanning tree in which from each vertex gadget at most two satellites connect to partners. Then this directly gives us a Hamilton path in the corresponding grid graph by simply connecting the vertices in the same way as the vertex gadgets. Now assume there is a spanning tree with interference at most 3 which is not of this type. The spanning tree has a vertex gadget that connects to at least three other vertex gadgets and by Lemma 2 these must be connections from satellites to their partners. Thus all three satellites in the vertex gadget connect to their partners. Now all three satellites lie in the transmission range of their partner, of the other two satellites, and of the center node of the gadget. Therefore, the satellites have interference at least 4 contradicting the assumption of interference 3. Theorem 1. Deciding whether a set of nodes in the plane has a spanning tree with interference at most 3 is NP-complete.
Proof. The polynomial construction of the node set from the grid graph together with Lemmas 1 and 3 directly yield the NP-hardness.
To verify whether a spanning tree has a certain interference it suffices to perform n 2 in-circle tests. Thus, the problem is in NP.
